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A comparison of numerical Simplified Unrestricted Hartree-Fock (SUHF) results (electronic 
ground state configurations, total energies, first ionization potentials, atomic charges, atomic spin 
densities of diatomic molecules) with those of equivalent standard calculations suggests the appli-
cability of the non-empirical but drastically simplified procedure. S U H F may even approach ab ini-
tio quality obtained with simple (STO-3G) contracted Gaussian basis sets. 
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1. Introduction 

The topic of this paper is a critical examinat ion of 
some typical results (electronic g round state configu-
rations, total energies, first ionization potentials, 
a tomic charges and spin densities) obtained with the 
Simplified Unrestr ic ted Har t ree -Fock (SUHF) proce-
dure previously described [1]. In its pr imary form a 
minimal set of basis funct ions is considered, preferably 
a tomic orbitals of Slater type (STO) [2], An equivalent 
s tandard Unrestr ic ted Har t ree -Fock ( U H F ) calcula-
tion [1] will serve as a measure for the quali ty of the 
simplified approach . 

Since only one- and two-center integrals over 
Slater-type a tomic orbitals can be evaluated with 
modera te expense, we begin with the investigation of 
some selected neutra l d ia tomic molecules with stan-
dard interatomic distances R listed in Table 1 (in Ä 
and a tomic units (a.u.)). Moreover , d ia tomic 
molecules are the smallest chemical objects where the 
"neglect of diatomic differential overlap" approxima-
tion ( N D D O ) [1] causes any effect at all. 

Reprint requests to Dr. W. Koch, Institut für Physikalische 
und Theoretische Chemie der Universiität Tübingen, Auf der 
Morgenstelle 8, 72076 Tübingen, Federal Republic of Ger-
many. 

In order to qualify numerical deviat ions of S U H F 
results f rom those of the equivalent s t andard U H F 
calculation, however, we need an idea of what can be 
expected at best. Hence, for comparat ive purposes the 
s tandard U H F results were actually obta ined using 
two different but closely related minimal basis sets: 

• The Slater-type a tomic orbital basis {</>£TO(CM)l/* 
= 1,2,..., N0} defined through an equivalent set of 
STO-exponents { g p = 1, 2, . . . , N0} [2] and 

• a commonly used contracted set of three Gaussian-
type orbitals (GTO) per STO [4] wi th optimized 
linear coefficients { d i ß \ i = 1, 2, 3; p = l,2,..., N0} 
and Gaussian-orbi tal exponents {aifl\i = l, 2, 3; 
P = l,2,..., N0} (STO-3G) [5]: 

0 f ° " 3 G ( C , 1 ) = Z4><A G T O (a £ / i ) , P = I,2,...,No. (1) 
i = 1 

S U H F results were obtained using an atomic STO 
basis which has been locally or thogonal ized by means 
of Löwdin 's symmetrical procedure [1]. 

Fo r these three types of calculations we introduce 
the following self-explaining shor t -hand nota t ions : 

U H F (STO), U H F (STO-3G), S U H F (STO). 

The minimal basis sets used in this investigations 
are defined through the usual Aufbau principle se-
quence Is, 2s, 2p and corresponding sets of Slater 
orbital exponents summarized in Table 2. 
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Table 1. Selected diatomic molecules, total electron numbers 
Ne, total orbital numbers N0, interatomic distances R [3], 
and nuclear repulsion energies Sn [1]. 

Molecule Ne N0 R(k) R (a.u.) (a.u.) 

H2 2 2 0.742 1.402 0.713 
LiH 4 3 1.595 3.014 0.995 
HF 10 6 0.917 1.733 5.194 
LiF 12 7 1.510 2.853 9.462 
BeO 12 7 1.331 2.515 12.723 
BN 12 10 1.281 2.421 14.458 
CO 14 10 1.128 2.132 22.518 
N2 14 10 1.094 2.067 23.702 
o2 16 10 1.207 2.281 28.059 
F2 18 10 1.435 2.712 29.870 

Table 2. Minimal basis set Slater orbital exponents [7], 

Atom Cu C 2 s C 2 P 

H 1.20000 
Li 2.69063 0.63961 
Be 3.68478 0.95603 
B 4.67939 1.28808 1.21066 
C 5.67263 1.60833 1.56788 
N 6.66507 1.92368 1.91703 
O 7.65781 2.24588 2.22662 
F 8.65007 2.56387 2.54997 

According to K o o p m a n s ' theorem [4] the absolute 
value of the highest occupied molecular orbital 
( H O M O ) can be directly identified with the first ion-
ization potential , since electronic correlation and re-
laxation effects tend to cancel each other . 

The virial quotient 

V 
R 

S-K 
K 

(2) 

can be determined by calculating the kinetic energy 
expectation value 

(3) 

The ^ K ^ are elements of the 0-basis kinetic energy 
matrix [1]. Whenever the experimental bond length R 
of Table 1 does not coincide with the corresponding 
diatomic Born-Oppenhe imer potential curve mini-
mum, an exact agreement with the theoretical value of 
2.0 will not be found. 

Finally, it should be stressed that our main interest 
is a comparat ive qualification of the S U H F concept, 
disregarding any failure of the U H F description itself. 
It is well known, for instance, that (F2) > 2 S X ( F ) , i.e. 

the fluorine molecule is predicted not to be stable 
within the Har t ree -Fock picture [8]. In general, one 
cannot expect the simplified scheme to p roduce more 
reliable results t han the reference theory does. 

2. Computational Details of U H F (STO) 
and S U H F (STO) 

Applying the S U H F approach , we work within a 
symmetrically (Löwdin-) or thogonal ized (A-) orbital 
basis th roughout [1]. Like in any Pople-Nesbet U H F 
procedure, bo th kinds of Fock matrices AFa and x F ß 

depend on both kinds of density matrices *Pa and *Pß . 
Consequently, the Pople-Nesbet equat ions for a and ß 
spin have to be solved iteratively by means of a self-
consistent-field procedure (SCF), s tart ing f rom two 
initial guesses at the two density matrices [1]: 

Ap/J _ 1_ ^ p ' 
(4) 

(5) 

O u r S U H F estimate for the initial total density matrix 
AP' is constructed f rom an initial choice of atomic 
charge densities xQ'm uniformly distr ibuted on the N™ 
diagonal elements belonging to the a t o m M under 
considerat ion. In general, for a polya tomic molecule 
built up Na a toms we then have 

Apt ._ P ' : = ~ztt7 ' 1 = Z m J 1 * 4 • 1, M = 1, 2 , . . . , (6) 
N M N M a V ) 

ZM is the a tomic number of a t o m M , an d xqM is its 
initial atomic charge. 

Similarly, the initial spin density matrix APS estimate 
is lead back to an initial choice of atomic spin densities 

Aps. CM . J M = \ 2 N (7) 

Initial a tomic charges xqM and initial a tomic spin den-
sities xQs

m are summarized in Table 3. They fulfil the 
general condit ions 

and 

bqM=N£zM-(Na + Nß) = Q 
M M ' ' 

AL 

I VM=NX-Nß. M 

(8) 

(9) 

Na and Nß are the numbers of a-spin and ß-spin elec-
trons, respectively, and Q is the molecular charge. 
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Table 3. Initial atomic charges and spin densities (a.u.). 

Molecule Initial atomic charges Initial atomic spin densities 
A - B 

Na-Nß = 0 Na-Nß = 2 Nx-Nß = 0 Nx-Nß=2 

\ a \ 1Q5A V , 'QA V* 

H2 , N2 , O 2 , F2 0.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00 
LiH, HF, LiF 1.00 - 1 . 0 0 1.00 - 1 . 0 0 0.00 0.00 1.00 1.00 
BeO, CO 2.00 - 2.00 2.00 - 2.00 0.00 0.00 1.00 1.00 
BN 3.00 - 3.00 3.00 - 3.00 0.00 0.00 1.00 1.00 

Table 4. U H F (STO) results. 

Molecule 
A-B 

Ground 
state 

Unrestricted ground 
state configuration 

H O M O 
energy 
(a.u.) 

Total 
energy 
<?, (a.u.) 

Virial 
quotient 

Final atomic charges 
and spin densities* (a.u.) 

H O M O 
energy 
(a.u.) 

Total 
energy 
<?, (a.u.) 

-V/K ^ % ^ XQB 

h 2 
a: 
ß: 

lCTg 
lCTg 

- 0 . 5 9 2 - 1 . 1 2 8 1.991 0.00 0.00 0.00 0.00 

LiH a: 
ß' 

1ct 2ct 
ICT 2 a - 0 . 2 9 0 -7 .911 1.972 0.17 - 0 . 1 7 0.00 0.00 

H F a: 
ß-

ICT 2CT 3 a lrc2 

l a 2 a 3 a In2 - 0 . 4 7 6 -99 .526 1.999 0.15 - 0 . 1 5 0.00 0.00 
LiF 1Z + a: 

ß: 
l a 2 a 3 a In2 4 a 
l a 2 a 3 a In 2 4 a - 0 . 2 0 3 -106.211 1.985 0.45 - 0 . 4 5 0.00 0.00 

BeO 
3s- a: 

ß: 
l a 2 a 3 a In 2 4 a 5 a 
l a 2 a 3 a 4 a 5 a - 0 . 2 1 1 -88 .902 1.989 0.00 0.00 0.00 2.00 

BN 
1E + a: 

ß: 
l a 2 a 3 a 4 a In 2 

l a 2 a 3 a 4 a In 2 - 0 . 4 4 7 -78 .714 2.008 - 0 . 0 5 0.05 0.00 0.00 
C O a: 

ß: 
l a 2 a 3 a 4 a In 2 5 a 
l a 2 a 3 a 4 a In2 5 a - 0 . 5 0 4 -112.365 2.009 - 0 . 0 5 0.05 0.00 0.00 

n 2 ^G 
a: 
ß: 

l a g l a„ 2ag 2a„ In 2 3ag 
l a g l a u 2a g 2a u In 2 3ag 

- 0 . 5 6 8 -108 .594 2.010 0.00 0.00 0.00 0.00 

o2 
a: 
ß--

l a u l a g 2ag 2a u In 2 3a^ l7r| 
1 a g 1 a u 2a g 2a„ 3ag 17tu 

- 0 . 4 4 7 -149.112 2.006 0.00 0.00 1.00 1.00 

f 2 •^g 
a : 
ß: 

l a u l a g 2ag 2a u In 2 3ag 1 n l 
l a u l a g 2a g 2a u In 2 3ag \ n \ - 0 . 4 8 3 -197.869 2.003 0.00 0.00 0.00 0.00 

Löwdin population analysis [12]. 

Standard U H F procedures, on the other hand , do 
not work within an or thogonal basis f rom the begin-
ning. In order to start with equivalent initial guesses, 
one has to t ransform both / -bas i s density matrices 
into the original 0-bas is according to 

= (10) 

^S denotes the 0-bas is overlap matrix. An equivalent 
t ransformat ion formula holds for beta spin [4]. 

Only two low multiplicity unrestricted configura-
tions have been selected, defined th rough the two 
choices Nx—Nß = 0 and Nx—Nß = 2. 

In special cases, such as the minimal basis descrip-
tion of H 2 , the linear coefficients in Cx and Cß [1] are 

constant by symmetry [4], i.e. they cannot be varied by 
means of the S C F procedure. Fo r the BN molecule, 
S C F convergence [9] of U H F (STO) as well as S U H F 
(STO) could be achieved only by averaging corre-
sponding density matrices of the last two subsequent 
i teration steps. Intermediate spatial symmetry break-
ing in the course of the S C F iteration has always been 
avoided by allowing equal fractional occupat ions of 
degenerate molecular orbitals. 

Integral evaluation and or thogonal izat ion proce-
dures have been described in [11]. 

Results of the reference calculation termed U H F 
(STO) are summarized in Table 4. All d ia tomic 
molecules but 0 2 and BeO are predicted to have an 
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Table 5. U H F (STO-3G) results. 

837 

Molecule G r o u n d Unrestricted ground 
A — B state state configuration 

H O M O Total Virial Final atomic charges 
energy energy quotient and spin densities* (a.u. 
(a.u.) (a.u.) 

-V/K X XQB 

H 2 
LT.+  a 

ß 
lCTg 
lCTg - 0 . 5 8 8 - 1 . 1 1 9 1.990 0.00 0.00 0.00 0.00 

LiH 1 E + OL ß Ict 2ct 
ICT 2CT - 0 . 2 8 9 - 7 . 8 1 6 1.974 0.17 - 0 . 1 7 0.00 0.00 

H F 1 I + a 
ß 

ICT 2CT 3CT lrc2 

lcr 2CT 3CT lrc2 - 0 . 4 5 9 - 9 8 . 5 5 2 2.004 0.19 - 0 . 1 9 0.00 0.00 

LiF 3 I - a 
ß 

ICT 2CT 3CT 4CT In 2 5CT 
ICT 2CT 3CT lrc2 

- 0 . 1 5 7 - 1 0 5 . 2 3 6 2.003 - 0 . 0 1 0.01 0.99 1.01 

BeO 1 Z + a 
ß 

ICT 2CT 3CT lrc2 4CT 
ICT 2CT 3CT In 2 4CT - 0 . 2 7 2 - 8 7 . 8 8 4 1.987 0.47 - 0 . 4 7 0.00 0.00 

BN a 
ß 

ICT 2CT 3CT 4CT 5CT lrc2 

ICT 2CT 3CT lrc2 - 0 . 4 3 0 - 7 7 . 9 0 8 2.016 0.17 - 0 . 1 7 1.44 0.56 

C O 1 I + a 
ß 

ICT 2CT 3CT 4CT lrc2 5CT 
ICT 2CT 3CT 4CT lrc2 5CT - 0 . 4 9 5 - 1 1 1 . 1 9 9 2.014 0.15 - 0 . 1 5 0.00 0.00 

N2 
a 
ß 

1 CTg 1 ctu 2cjg 2ctu 1 rc2 3<yg 
1 CTg 1 ctu 2crg 2ctu lrc2 3crg 

- 0 . 5 5 7 - 1 0 7 . 4 6 8 2.016 0.00 0.00 0.00 0.00 

o 2 ^G 
a 
ß 

1CTu 1 CTg 2cjg 2ctu lrc2 3Cj 
1(TU lCTg 2<7g 2CTu 3CTg ln u 

lrc2 - 0 . 4 1 9 - 1 4 7 . 6 1 5 2.011 0.00 0.00 1.00 1.00 

F2 
a 
ß 

1 CTU lCTg 2CTg 2CTu 17l2 3cjg 
1CTu 1 CTg 2cjg 2ctu lrc2 3ct8 

lrc2 

lrc2 - 0 . 4 5 9 - 1 9 5 . 9 3 8 2.008 0.00 0.00 0.00 0.00 

* Mulliken population analysis [1]. 

electronic closed-shell singlet ground state identical to 
that of Restricted Hartree-Fock theory (RHF) [13]. 

3. U H F (STO-3G) Results [14] 

Unrestricted ground state configurations of LiF, 
BeO, and BN are predicted to have a qualitatively 
different nature as those of U H F (STO). Besides these 
three significantly different predictions only the ß elec-
tron orbital energy sequence 1 a g 1 a u of the 0 2 triplet 
ground state is interchanged. 

HOMO energies of U H F ( S T O - 3 G ) are always 
higher (up to about 0.027 a.u. for comparable ground 
states) than the corresponding U H F (STO) values. 
Consequenly, all first Koopmans ionization potentials 
are too low. 

Total energies are probably the primary quantities 
available from non-empirical ab initio calculations. 
Compared to U H F (STO) they are always higher as 
well (up to about 1.9 a.u. for comparable ground 
states), due to the short contraction length of the 
STO-3G expansion (1). 

Virial quotients coincide quite closely (with maxi-
mal absolute deviations of about 0.005 for compar-
able states). 

Atomic charges and spin densities were available 
only by means of Mulliken's instead of Löwdin's pop-
ulation analysis [1, 14]. Thus, there is no way of a 
direct comparison. It can be easily verified, however, 
that indeed all molecular ground states with Na = Nß in 
their experimental equilibrium bond length of Table 1 
are closed shells showing no spin density localiza-
tions. 

4. SUHF (STO) Results 

Unrestricted ground state configurations: Some dif-
ferent orbital sequences occur (for the 1 L + states of 
BN and CO, for of N 2 , and for of 0 2 ) . 
Nevertheless, there is only one qualitative disagree-
ment concerning the nature of the BeO ground state. 
In fact, the observed BeO ground state is a singlet [3], 
in accordance with the prediction of S U H F (STO). 

HOMO energies are not uniformly higher or lower 
than corresponding reference values as in the U H F 
(STO-3G) case. Absolute values of comparable 
ground states maximally differ f rom another by about 
0.24 atomic units ( 3 I ~ of 0 2 ) . 

Total energies differ f rom their U H F (STO) coun-
terpart at most by 2.7 a.u. for N 2 and at least by 
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Table 6. S U H F (STO) results. 

Molecule Ground Unrestricted ground 
A — B state state configuration 

H O M O Total 
energy energy 

Virial Final atomic charges 
quotient and spin densities* (a.u. 

(a.u.) Sx (a.u.) 
— V/K % V B 

- 0 . 6 2 3 - 1 . 1 8 8 2.044 0.00 0.00 0.00 0.00 

- 0 . 3 3 3 - 7 . 9 4 6 1.986 0.07 - 0 . 0 7 0.00 0.00 

- 0 . 5 2 4 -100 .360 2.046 - 0 . 0 3 0.03 0.00 0.00 

- 0 . 1 8 7 -106.289 1.993 0.58 - 0 . 5 8 0.00 0.00 

- 0 . 0 6 5 -88 .849 1.995 1.00 - 1 . 0 0 0.00 0.00 

- 0 . 4 9 8 -80 .863 2.121 - 0 . 3 5 0.35 0.00 0.00 

- 0 . 3 9 2 -114 .892 2.105 - 0 . 4 7 0.47 0.00 0.00 

- 0 . 4 9 8 -111.266 2.096 0.00 0.00 0.00 0.00 

- 0 . 2 0 9 -150.630 2.049 0.00 0.00 1.00 1.00 

- 0 . 3 8 6 -198.534 2.016 0.00 0.00 0.00 0.00 

h 2 

LiH 

H F 

LiF 

BeO 

BN 

CO 

N2 

o2 

F, 

' y + 

i y + 

a: 
ß: 
a: 
ß-
a: 
ß• 
a: 
ß: 
a: 

a 2 a 
a 2 a 
a 2 a 3 a In 2 

a 2 a 3 a lrc2 

a 2 a 3 a lrt2 4 a 
a 2 a 3 a In2 4 a 
a 2 a 3 a In 2 4 a 
a 2 a 3 a l7t2 4 a 
a 2 a 3 a IK2 4 a 
a 2 a 3 a lrc2 4 a 
a 2 a 3 a In 2 4 a 5 a 
a 2 a 3 a lrt2 4 a 5 a 
a u 1 ag 2ag In:2 2a u 3ag 

a u l a g 2ag Itt2 2a u 3ag 

a u l a g 2ag l i t2 2a u 3ag lrcg 

a u 1 ag 2ag 2a u Itc2 3ag 

a u l a g 2ag 2a u lrt2 3ag Inj? 
a u l a g 2ag 2a u In 2 3ag Inf 

* Löwdin population analysis [1], 

0.03 a.u. for LiH and by 0.08 a.u. for LiF. In all 
comparab le cases, S U H F (STO) g round state ener-
gies are lower than their reference equivalent. The 
observed differences are considerable, so that S U H F 
(STO) total energies of ten remain under the Hartree-
Fock limit [4] of the full theory and even under the 
exact theoretical value (of - 1 . 1 7 4 4 4 8 a.u. for H 2 , for 
instance [15]). Their absolute values (not their sign!), 
however, are definitely comparab le to also consider-
able absolute differences between corresponding STO 
and STO-3G var iants of the complete (i.e. not simpli-
fied) U H F calculation. Fo r LiH and LiF, S U H F 
(STO) even leads to quite similar total energies. 

Virial quotients coincide only with maximal abso-
lute deviations of abou t 0.1 for comparab le states. 
Nevertheless, they are not completely incompatible 
with the theoretical 2.0 value. 

Atomic charges and spin densities ind ica te , t h a t 
S U H F (STO) g round states of heteronuclear di-
a tomic molecules of ten are predicted to be more po-
larized than their U H F (STO) equivalents. The 
charge distr ibution of HF, for example, does not agree 
with our c o m m o n chemical intuit ion. Fur thermore , 
the spin densities of Table 6 again shows us that all 
g round states with Nx = Nß are pure singlets, equiva-

lent to the restricted conf igura t ions of R H F theory 
[13]. 

5. Conclusion 

As far as our selected dia tomic examples with stan-
dard bond lengths are concerned, S U H F (STO) at 
least leads to qualitatively correct predictions. 

Differences between the results of two equally rig-
orous U H F calculations with different minimal basis 
set choices (STO and STO-3G) suggest tha t S U H F 
may even approach ab initio STO-3G quality. 

In a similar study, D u k e and Collins [16] empha-
sized the poor agreement of an " a b initio N D D O " 
approach with the corresponding full molecular or-
bital method. However , in our aspect the agreement 
of full ab initio results obtained with two different but 
comparable minimal basis sets of Slater and Slater-
simulating (e.g. STO-3G) type, respectively, is also 
poor. F rom this point of view, the total rejection of a 
non-empirical but drastically simplified N D D O ap-
proximation appears to be precipi tant . Fur the r inves-
tigations are in progress. 
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